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Caloulation of Factors, Affecting the Accuracy in Determining
the Drift of Floating Integrating Gyroscopes

by
GeAeSlomyanskiy (Moscow)

We will assume, that when testing for drift the investigated gyroscope and plat-
form of the stand are situated, as is shown in fig.l;For the sake of commonness we
will asgume that the platform of the stand is driven (brought into rotation) through
a gap=less reduction gear. The motor of the platform is coupled to an amplifier to
the input of which is fed the output voltage of the sensing element of the angle
of the investigated gyroscope, fastened to the platform of the stand (fig.l)e

In fig,le and further on were adopted
the following three systems of axis, originating in point O where the axes of rotation
of frame and rotor of examined gyroscope do intersect:
1,The system of xyz, axes is connected
with the body of the inv-estigated gyrosco— SIE PAGE 1a FOR FIGURE 1.
pe. The x and y axes are the output and
input axes of the gyroscopejaxis 2z, is
Fig.leVariant of platform and gyroscope
perpendicular to axes x, y and forms to arrangement when checking drift of gyro-
gether with them a right trihedral, oo
2. The system of xi eta zeta axes, connected with the earth and is oriented geo=
graphically. Axes chi and eta are horizontal; axis chi faces eastward, axis eta =-
northward, and axis zeta into the zenith,
3. The system of XYZ axes is connected with the platform of the testing stand,

Axis Y appears to be the axis of rotation of the platform; axes X and Z are perpen=

dicular to axis Y and form with it a right trihedral .

In fig,1 and furcher onf designates the angle of inclination of the figurational
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axis of the gyroscope z from axis z,; & and g - the angle and angular velocity of

platform rotation about axis Y, Omega designates the angmlar velocity of diurnmal ro-
tation of the Earth, andS) - latitude of test stand disposition,

In an ideal case when testing according to fige.ls the axes y and Y should coinei~-

de with axis eta; axes X and Z should lie in plane xi zeta, Axis x should coincide
with axis X, and 2z, vwith axis 2,

The moment of interferences M, affecting the gyroscope around axis x, will be assumed
as consisting of constant and variable components, The constant compénent will be desig—
nated by M°, The variable component, which is to a large extent and accidental value,
to simplify tho analysis will be considered as varying in accordance with the harmonics law
with amplitudes M% frequency p and initial phase Qe The coefficient¢ is equal to
the ratio of amplitude of variable component of moment M to it constant component M°,

In this way, considering moment M as positive,when the direction of its vector coinei-
des with positive direction of axis x, it is assumed that the moment of interferences M
is a function of time t and is determined by formula
M= PL +£ sin (pt +eﬂ
In this case the angular velocity of the drift cJ will also be a function of ti-

me, whereby its instantaneous values will Dbe determined by equation
O
wy= w,2[ +ean(pt+ 6)) (u,_‘a%—) (1)
Here (u( - constant component of angular velocity of drift (4 - eigeﬁ-moment of gyro—

scope ).

Assuming that the tested gyroscepe, amplifier and platform motor are inertialess
we can write their equation in the following form

Equation of gyroscope ( when compiling same we have disregarded the gyroscopic
moment, due to the projection of velocity (y on axis zg, because this moment is sla}l

in comparison with other moments because the ordinary angle/é"‘fd 0)

UO=Ki, td—allt tesinp+o), K=58 @)
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Equation of amplifier
U9 =Ky +dsin(nt +0) U1 (3)

Equation of motor O'Cr; = KU (2 (4)

Here Ky - specific damping mament of gyroscope ; K and U_(l) - curvature of char-
acteristic (sensitivity) and output voltage of gyroscope sensing element; wy - pro
Jection of angular veloeity of diurnal rotation of the EHarth  on axis y; K3 and U_,(z)
- nominal (rated) coefficient of am,lification and output voltage of amplifier; Kh'
curvature of velocity characteristic of motor; Q3 - angle of rotation of motor shaft,

Equation (3) takes into consideration the possibility of fluctuations of the ampli-
fication factor relative to its nominal value with amplitude 8(53 (8/= const = smll
parameter) and frequencyf\r/ 9‘ designates the initial phase,

Because of error in reduction gear the platform during uniform rotation of motor

shaft will rotate irregularly, The dependence of the angle of rotation of stand platform

upon the angle of rotation of motor shaft is determined by expression

Ay o8 y A 5 ‘
o = ; - 0.3 bl.l(\g\/. - 0_3) (O)

Here 1 « nominal value of reductor gear ratio; 52 = const -~ small parameter, equal
to the maximum absolute error in angle of rotation of the platform, due to errors of the

reduction gearjny, - dimensionless frequency i, - initial phase,

Having solved equation (3) relative to U_(l) and substituting in it subsequently

equations (4) and (5), we further assume in it
1 /(1 4 Oy sin (vyl - 0))] = L == Oy sin (vid -+ 01) -5@/

and disregard the member, containing products of small values 8182. We differentiate
(1)

the expression for U. obtained in this way once with respect of time and substi-
tute in equation (2)
In consequence the equation of motion of the platform (stand platform) will be
obtained in following form:
To -k o= — @y - 0" 5 o, sin (pb - 0)

oot P Vo \ "
40,7 ét [ sin (vy¢ - 0, vy = (& cos (v -+ 0,)) (6)

1)
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where the time constant
mo__ 3
= KRk (7)
Integrating equation (6) for the first time et initial conditions &f = Q= G and

at t®» 0, we will obtain
Téc-}-oc:——(mu—mf)t——g(—j)i[cos(pt+0)—-cosO]+
- T3 [8y sim (vyt - 0,) - 8yv 608 (v + 0)] (8)
The given nonlinear equation will be integrated approximately (but with a fully
sufficient degée of accuracy), assuming thét in its right side
ccz—(a)y—(of)t.u&:——(mu—-a)l") XG.J
One can easily see that these values for alpha and a1i>ha are derived in stable

state, provided¢ =8'= SL= O0; vhea T me = 0 this would happen everywheres, Having

completed the integration, we obtain

8(1)10

o= — (@y—0,°){— 1) - [sin 0" sin (pt - 0 4 0°) — cos 0] +
+ T {0y —©,°) {6, 8in 0,* cos (vyt + 0, + 0,%) —
— Ogvysin 02" sin [vy (0 — 0,°) L — 0y -+ 0,%]) —
— {gg;_n“ cos 0* cos (0 -+ 0°) + 7' (0, — 0,°) X
X [1 4 Oy sin 0;% cos (0y + 0,%) + 8yvy sin 0,% sin.(o2 — 02*)]} ~U/T) ()

HBI‘O c[go. —J _'["1)’ Clg 01&: = T‘\'l, ('t\) 01* P ,1“\72 ((.l)u — (1)10) (10)

From expression (9) is evodent thAt the time constant T should be possibly smaller,

When § = 5,: SZ= 0 in stable state e — (o) Yo.

In this case from equations (5), (4), (3), considering that U_(l) =z KIP.\ and using

equation (7), we obtain

o 2 7 IA/\
" ~ V=1 (11)

V'.
1 "GU {y 7

It is evident therefrom, that T will be smaller the smaller the angle6 will
be, the engle necessary to produce the rotating motion of the platform of the stand
to revolve at an angulap velocity - (G -C,Jl“). In addition, T is inversely proportional

to coefficient N, which appears to be the p&;rameter of the gyroscope,
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We will assume, that in the moments of time t} and tp (tp Nty ty) =t =)
the angle ¢ was equal to o) and ap respectively, Then using expression (9),assuming
that ¢; )T, and disregarding on the basis of this the member, comtaining exp (~ty/T)

=exp (=t/T), we obtain 3

| -—w;"'+wy+a—‘z:-;"‘q-l+1-\x+A2+Aa=o (12)
In equation (12) have been adopted the following desigm tions
| i, -—'w{'{‘i = ;‘1' [cos (pty -+ 0) — cos (pty + 0)]} (13)
A, ‘-’jj;fcos- 0" sin (ptg 40— 07) —sin (ply + ¢ —0)] (14)

8y = -7-}6 L (oy—0,) sind ¥ [cos (vt 0,40,%) — cos (vity + 0;40;#)] (15)

by = 1‘11_ (0y—0,7) £ind,* {sin [v; (0,—0,") 8 — 0p+0,"] —

— sin [vy {0y —0,°) {; — 0. +0,7]} (16).

»
Through (y; was designated the actual mean integral value of the angular velocity

of the drift during time ¢y, From equation (13) is evident that this velocity depends
upoa Yand upon t, as well, which appears to be ax random valus, The maximum wl‘ value
is obtained at t) = (n -8/p (n = 0, 1, 2, «.0) aNd Y= (kL)Y (k=0,1,2,...); in this

case it will be equal to

. ) / - '25‘\. ol | 2
O max = 01 (1 0=, [1"(2/;+1)::] 6 a

L] .
The minimum value oy , obtainable at the very same values T, but at t; =| (2n+1)

fL=9] /psequals ofs 2\ . % /4
O3 min = O ‘\1—1,1_) =0, [1"-@7——]—);] %
» . )
In this way we have % minZ= ¢y / ), max,Vhereby
/18(1)10 dew,°

nz:wl* mu-—(x)l"‘ mn = —— S ST 17
J a1 (../» - 1) St

L »
With rise in'y m decreases, and W) tends toward ¢y

If the stand would be ideal ( for this,under the assumptions made by us o1t is necessary

to have T =81 = &2 =0, then fy) = \» =\3 = o).andg_k,. @1+ (o @nd Twe known to be
.
absolutely accurate, then the veloclty valuesg,a_ » calculated by formula

FTD-TT=62=1231/1+2 5




il (18)

o =0, + = )

\ obtainable from expression (12)'. would be equal to its actual valv;zes. The angle alphal
! and alpha, should be substitutédin formula (18) with comsideration of their sign,
The SiBNof the angle alpha should be identical with the velocity sign alpha, which is
considered to be positive, when the direction of its vector coincides with the positive
direction of axis Y (fig.l)During tests Oy \ 0, it (-W> 0, then angle q / 0 (see terr,n‘
(9))e

I is clear from the preceding, that -~ even during the fulfillment of the men
tioned id-al conditions of value )", obtainable during repeated measumements, realized
within one and the same time 77, they will be different as result of the dependence of
0,1* upon t;. As is evident fromequation (17) the magnitude of total disagreement of

¥

value™s Wl will not exceed

Jew®
Mmgx = - 18w _

In actuality T, J‘and 5 o are not equal to zero and the adopted valuemy and the
obtainable by measurement values alpha; and alpha, and 7y differ fram the actual values
by certain small values Awys Agq 19 Aoz @A AT. We will explain, how this reflects
itself on the accuracy of determining ¢4 by formula (18), We will analyze the right
side of equation (18) into a Taylor series po powers A(ﬁgn AOC, ﬁa,z and )7 ,confining
ourselves to members, containihg th; given small values in zero and first degree,
Utilizing the obtained expansion and formula (12), we obtain, that the absolute error
in the dctermination ofu)l* according to formula (18) is equal

Am{:Ar-“.¢A;lﬂb .

A, '_A:’_y A= BT ST Y

= — At /&

andAl,Az.Aj are determined by formulae (14), (15), (16). Their meximum values are

where Ay = Aoy, Ay = — ggrn ,

equal to or , ’
‘ wEmE o b= ERo—o) 5y A= 2o, -0l M

]
The maximum absolute error in determining ), by formmla (18)can be assumed to

6
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. ' 1 .
Boi'=t(byt ...+ At I

Having substituted here the values All-’"" AT ] o e obtains

Aoy =+ %—{Aa)u‘frz + 2Aaf 0+ {0y — 0,°)* X
1
2., 08 2
X[A‘Cz?-{- 4T2(612 +622‘V22 +__%_(DL_)]} (19)

L
(0, — 0, )

vhere Ay yl and A7l « maximun values of absolute errors Ayy and AT maximm values
of absolute errors pqy andpqo 8ssumed to be identical, equalling A% .

If it is necessary, that the maximum absolute error in determining m]_' by formla
(18) should not exceed a certain given value, for which we will preserve designation

Amll‘- then time ‘yshould satisfy the f9llowing condition, obtainable frgm formla (19)

el + (0y — o1°) (At} + 4T [612 + 8ve + e, 2/(<D1/—(1>1°)2]) +
r > < L0 9 ) -
Aw7 — boy

Henge it is evident, that the inequality should be fulfilled

(20)

Aoy < Aoy (21)

When this inequality is not satisfied no greater time Y will be able to assure
determination of drift with required accuracy, characterized by value AQL‘. In this
case the actual valueAgolf,.will always be greater than Awyl. and at greater valuesT
it will be practically equal tkoy[. ghich plainly evident fram formula (19).

When inequality (21) is satisfied there will ewerywheres exist such a time value? ,
at which the maximum absolute error in determining a): by formila (18) will not exceed
the given valus Ay f'+ In this case the required time value%will be the lower the
hig!-xer the satisfaction of inequality (21). Consequently the value Ab.\yl should be
reduced by all possible means,

We will determine the value Amal for the case of testing drift,according to
fig.leThe position of the platform, and consequently, the axes X,Y,Z connected with
it relative to axes xi, eta, zeta, will be determined with the aid of anglesq}(‘.,‘\).
o (£1ge2)+ The angle '1}]‘18 the angle formed by the projection of axis Y on the plane
of horizon with plane of the meridian;%- angle of inclination of axis Y from plane
of the horizon; q- angle of rotation of the platform around axis Y,

FID-1T-62=1231/1%2 7




Whon'\jf-,‘-")- 0= O the axses X,Y,Z coincide with axes xi, eta, zeta respectively .
| We will assume, that the tested instrument
is fastened on the platform in corresponding
v = fixing elements and that in general case the

position of its axes Xe¥e32, relative to axes

IR S X,Y,2 is determined by three angles'ﬁ"ﬂ‘x
- ""'h._i_/f"‘,h L ""\...“"“-\,\_h_ -
il, o, _ (fige2)e Geamma = angle formed by the projec-
I e e A o tion of axis y with plane XY, ¥~ angle of
5 7 A rotation of instrument body around axis y,
A A
O Y o 0
L __w__f:;f In the process of testing the anglesn); ,Q.
4 ) I
! 7 .t"-.., T L+ Kremain unchanged,

2 TIR It is evident when examining fig 2, that
the projection of angular velocity of the
Fige2To determine magnitude of maxi- diurnal rotation of the Earth @y on the input

mun absolute error A(oj%
axis y of the instrument

( L - DOY
W, = 0 cospcos(n, y) -~ osingueos (.;. Y) (28)
where cos (M, y) = — [(sinpeosa - cos 5in 4 sin o) sin g —— conp cosd) cos Y] eos A
s (M, 2 A -
- (sin A sin g — cos P cos ¥ ¢0s &) sin /. (23)
cos (£, y) = (cosd sinasiny + »in D cos ) con A

oA *)
- Cos o COSCLSIT A '\"/J)

From expressions (22) - (2) is evident that Gy does not depend upon angle X ,

But this still does not mean ,that no attention should be paid to the magnitude of
and X, It mst be remembered , that upon a changs of this angle there is also a change
in position of the instrument relative to the field of gravitational force, and con—
sequently, there will also be a change in its drift, It is dvident from these expres=
sions, thatwy =¢ coe(y at'\k=9 =T= A= 0 and any given value g o This value Wy
equal to the horizontal component of the diurnal rotation of the Earth, appears to

be for the case under question the nominal valueuy , substituted in formula (18) during

FTD=TT-62=1231/1+2 8




‘the caloulation of angular velocity of drift Q)l* « Upon changing angle alpha as well

as ahglol. there is a change in position of the instrument relative to the field ¢
gravitation, and consequently, there is also a change in its drift,

Orainarily angles ’4/(‘ ,9‘ T‘and} appear to be so smwmall , that if they are axpresssd
in radians, they can at least Le considered as small values of first order relative to
unity. As to the angle alpha, it can generally not be considered as small,

Decomposing the right side of equation (22) into a Taylor series by degrees of
small values '\}HQ( T A and A@ (0@ - absolute error of determining latitude of point
g)) in the zone 1*'?- 981’8;\ = 0, ¢ =% and confining ourselves to members, containing
-\»-",9‘ T'}\'\ A(? only in zero gnd first degrees, we obtain

. m,{:mcos (= @sing (U= ysin s A cos s — Ag) 2%2,_,
It is eviden herefrom that in case under consideration the absolute error in de -~

dermining equals '
dy Aoy =y —®Cosy  sing - ysinz - hcoss — Ag) ) 4

The maximum value of this error can be accepted as equal

Aoy === osing VU7 L sin o - 27 cos? o - Ay /‘/Zy:ﬂ
74

where SQ.TQJ.H and A?Q - maximum values of {)‘X‘K and A4,
The values Aw\(] | for the most widely known variants of testing floating integrating
gyroscopes for drift, calculated by an analogous method , are listed in table given
below, At the fifth and sixth testing variants the angle alpha remains small,
At the beginning of the report we have assumed, that the reduction gear of the
test stend aprears to be gapless, It is apparent that this is absolutely necessary
for the ——- fifth and sixth test variants, because in these cases the instantaneaus
angular velocity Of the gtang platfarm is equal to the instantaneous angular veloelty
of the drift of the examined gyroscope, which can generally be changed not only in
value, but also in signe At remaining five test variants the platform of the testing stand

rotates in one direction with instantancaus angular velocity
d=—aw,-"0, fé‘/(?/ _

FTD-TT=62=1231/1+42 9




whioh ean change only scmewhat in value on account of change in magnitude, and in
general case also in sign of instantaneous angular velocity of drift Wy e

It is evident from the table, that at the first fourtest varients the maximum
absolute error Aq,l. calculated with an accuracy of up to small values of first mag-
nitude, is determined only by %-values.l)(fﬂ' TL‘Rﬂvaluea and appears tobe & function
of © and @ angles, In case of the fifth and sixth variants the value AOQQ is affected
also by wz , but from angle q and A?Q the maximum absolute error Amj@ is independent
in these cases, At the seventh variant Qcogd,- 0 with an accuracy to small values of
first magnitude,

We will assume, that Agl® -91 =M s & g3 then : for the first two var—
¢ L

iants ' e
Aoy == (Aoph =gV 30 sin @ (25)

for third and fourth variants

Awy = (Ao )y =4 V3wcosq (26)

for fifth and sixth variants
doy = (Qoy )= =gV 20 . (27)

Superimposing equation (25) over (27), we obtain

oy ). /3 :
Aot }, Ssing = 1.23sing (28)

( Amv, ):.... 2

At a latitude (?‘ = 5,°0" we have ‘
By .= (Aws?)u@q)

On all =~ latitudes (y>(? * (Awsl )5.6 L(ijl)lﬁ and, consequently,ths fifth
and sixth test variants are more preferred, than the first and second variants,

A cheracteristic feature of the seventh variant abpears to be this that in this
case the practically maximum absolute error A‘*’a | =0

The analysis made gives basis of arriving at & conclusion in selecting the time
interval " between two subsequent measurements of angular position of the platform

of the test stand when determining the drift of floating integrating gyroscopes. This

time should be selected by formula (20)e The value A“’gt should be determined by

FTD=TT=62=1231/1+42 10




(25)=(27).

Table, Nominal values(,)

and values of maximum absolute error A
: variants of platférm and gyroscope arrangements during tesb%.ng of floatin'g

| the corresponding formla shown in the rable or by one of the corresponding formlas

oyl for various

1 intege™Ming gyroscopes for drift,
Nominal scheme of platform Nominal value Value of absolute maximum error
end gyroscope arrangemcnt Wy Awyy
I i )
. J.m{”:fﬂvr . wsin @ (A + U7 1
(g + 1 cos®a -+ hyPsint a)
prN, iy 1
SPRE, -
- : ,f)fw.mml VALUE
e 8 tosing (A + UF -+ angle of incli
.H:. ek Lo sina - & cos? @) nation of axis Y
S to plane of hori

Ly
-
=~

. o 9
£ @cos @ (Mg + 0 -+ 7 sin’a Ay cos )’

. o)sin(p[\‘)l"-%‘}l"-}-

Z0h,

rgt- maximum velue of angle of inclination of axis Y
to vertical line

.W 2+ 1)) etg® K
A ¥ 'I
T ~pin o
oy Lasing (97477 + (a0 ~mextmn
Tl (R R et o) values £f angles of
= ut inclination of axis
L. -d - B Y to the plane of
the horizon and to
ira plane xi zeta,
) "‘:LI L1 “
f’\

J_ At other conditions being equal for the seventh time veriant Ywill be the low
est, because in this case Auwyl = 0o At the fifth and sixth variantsué 0 and con-

sequently for their time Y at other conditionsbheing equal, will be somewhat smallex

FTD=TTw62=1231/142 11




than for the first four variants,

Fundementally the time magnitude<y is determined by values Aax,Awm and Au.st,
C:o:::zmquently,A“LandA(,;,tj { should be reduced by all means possible, It is very im
'portant insetad of separate measuring two angles a{_' and aﬂ to measure only one angle,
equalling to the difference 4, &, because this allows to reduce the time Y by
approximate]y"]ﬂima.

If the time Yeorresponds to formla (20), then the experimental value of the mean
integral angular velocity of the drift during the time Vequals
m{‘—-w,;l.,j:tw' (39)
where “’\(18) - value of the velocity wl, determined by formla (18) and Ac) 1 - value
of maximum absolute error in determiningu)\ by formla (18), given by equation (19).
In conclusion we wish to mention, -—---—- that the authm‘ knows of no investigations,
devoted direectly to problems discussed in this report. Reports which do have some kind

of close relationship to the subject in discussion is the work, eesge Of E( .
Submitted Dece26,1960
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